JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.
IMBEDDING OF ABELIAN CATEGORIES
BY SAUL LUBKIN 1. Introduction. In this paper, we prove the following EXACT IMBEDDING THEOREM. Every abelian category (whose objects form a set) admits an additive imbedding into the category of abelian groups which carries exact sequences into exact sequences.
As a consequence of this theorem, every object A of (i has "elements"-namely, the elements of the image A' of A under the imbedding-and all the usual propositions and constructions performed by means of "diagram chasing" may be carried out in an arbitrary abelian category precisely as in the category of abelian groups. are maps in (t, and the set-theoretic composite fngn 1 . . gjlfo is a welldefined function Ao->A2n+1, then this composite is the image of a unique map of (a, this map of (a being independent of the exact imbedding (tachosen.
In fact, if we identify (a with its image Wt' under the imbedding, then a sequence is exact in (t if and only if it is
In particular, many of the proofs and constructions in [2] remain valid in an abstract abelian category-e.g., the Five Lemma, the construction of connecting homomorphisms, etc.
If the abelian category at is not a set, then each of its objects is represented under the imbedding by a group that need not be a set.
I am very grateful to Professor S. Eilenberg for the encouragement and patience he has shown during the writing of this paper.
2. Exhaustive systems. In ??2-4, at denotes a fixed set-theoretically legitimate abelian category, and g the category of abelian groups. bedding Theorem can be extended to arbitrary categories. In this section, we state such a generalization. If f, g: A->B are rhaps in the category et, then the equalizer E(f, g) of f and g (when defined) is the biggest subobject of A on which f and g agree. In an additive category, E(f, g) = Ker(f-g), Ker(f) =E(f, 0), so that "equalizer" is a generalization of "kernel" to arbitrary categories.
, we see that F(fi) $ F(f2). Hence, F is an imbedding. If f: B->A is an epimorphism in V*, then F(f): F(B)->F(A) is an epimorphism of abelian groups. In fact, if gGF(A), then let gGHom(
THEOREM. Let at be a set-theoretically legitimate category closed under direct products of two objects and equalizers of two maps. Then the following three conditions are equivalent:
1. at admits an imbedding into the category of nonempty sets preserving monomorphisms, epimorphisms, equalizers, and finite direct products.
2. et admits an imbedding into the category of nonempty sets preserving epimorphisms, equalizers, and finite direct products. (3) A map that is both an epimorphism and a monomorphism is an isomorphism.
Proof. In view of (1) and the theorem of ?5, a, admits an additive imbedding A-*A', g-*g' into 8 preserving kernels and epimorphisms, and hence also coimages. Hence, if f = kzh is the canonical factorization of a map f of a,
